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Abstract

A numerical method for the analysis of two-dimen-
siopal transonic flow around two-element airfoil
configurations has been extended to treat mixed
analysis and design problems. By prescribing the
pressure distribution along a part of one airfoil
a new contour shape results. The method also works
for thick trailing edges. Results are presented
which show the redesign of slat lower surfaces.

The boundary layer is accounted for in a couple of
calculations where the displacement thickness have
been added to the original shapes.

A systematic analysis series is also presented of
the effect of various geometric parameters on the
pressure distribution about a slat-airfoil configu-
ration.

1. Introduction
When designing modern aircraft often high require-
ments on maneuvering performance at high subsonic
speeds has to be met together with strong require-
ments on the cruise performance in terms of drag
or speed. An effective way of meeting these differ-
ent demands is the implementation of high 1ift de-
vices in the form of leading edge slats and trail-
ing edge flaps. For the proper design of these de-
vices in low speed flow, efficient calculation
methods and extensive experimental material exist.

However, in the transonic speed
tunnel results on airfoils with
are quite few, and the question of optimal shapes
and deflections for the devices is still open.
Since about two years calculation methods for the
analysis of transo?ic low over two-element air-
foil systems exist 1-3), They are based on the full
potential equation, which is solved in a calcula-
tion plane gbtained by conformal mapping of the two
airfoils.

regime the wind
slats and/or flaps

The technique applied in these methods to generate
new coordinates by conformal mappi?g h?s proven its
effectiveness in many applications )2 , and so has
the numerical solution technique for mixed subsonic-
supers?n%c flow fields originally introduced by
Murman(6) and further developed by Jameson (7)),

The two-element methods are Qery valuable tools for
the designer, but extensions and improvements can
still be made.

In the present work the calculation method present-
ed in Ref. 2 is extended to treat also the mixed
direct and inverse problem. The pressure distribu-
tion can be prescribed along a suitable part of one
airfoil and the corresponding shape is calculated.

Also presented is an extension of the mapping used
in Ref, 2 so that airfoils with thick trailingedges
can be treated. This is of interest in design cal-
culations and especially when viscous effects are
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taken into account by adding the displacement thick-
ness to the contour.

A short description is given of the acceleration
technique based on extrapolation that is used in
the calculations to improve the convergence rate
of the successive line overrelaxation process.

The technique used when accounting for the boundary
layer effects is presented together with a few ex-
amples. The viscous effects are in many cases quite

" large due to separated boundary layers, for in-

stance on slat lower surfaces. An accurate modell-
ing of such cases still belongs to the future.

However, a well designed slat configuration for
transonic maneuvering should have no extensive se-
parated regions to avoid large drag increments. The
effect of various parameters such as slat location,
camber, slat geometry, Mach number, etc has to be
investigated systematically to get configurations
with good performance. The effect of some of these
parameters is shown in the present work by demon-
strating their influence on the pressure distribu-
tions.

2. The calculation method

Here a short description is given of the basic cal-
culation method before dealing with the new bound-
ary conditions,

For a more detailed presentation of the bheory the
reader is referred to Ref. 2.

Coordinate system

The coordinate system used for the numerical solu-
tion of the potential equation is obtained by con-
formally mapping the contours in the physical plane
to geometrically simple contours in a calculation
plane. This way of generating coordinates has prov-
en its effectiveness in many applications. It has
the advantage of yielding simple formulations of
the boundary conditions and also simple equations,
because orthogonality is preserved in the mapping.
A disadvantage with conformal mapping can be a
rather complex programming work, as in the present
case, However, once the program is made it works
automatically for all shapes, and the computing
times for the mapping are always small compared to
the times used for the relaxation solution of the
flow equations.

Fig. 1 illustrates the mapping used in the present
method. The whole flow field around an arbitrary
two~element configuration is mapped conformally to
the annular region between twd concentric circles
(with radius r_ and 1 respectively). In this cal-
culation plane a polar coordinate system is used
where the radial and circumferential variables can
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Fig. 1 Corresponding grids in the computational
. and physical planes

be stretched independently to improve the mesh size
distribution in the physical plane. The relations
used between the stretched (r',8') and the original
(r,® ) polar coordinates are

r+k

Tk
& =0'+cqsind' +cysin 28

1
(2)

r' = (1+k) 1n

where k, cq and c, are constants.

The infinity is mapped to a point in the calcula-
tion plane located on the real axis. The constant
k in Eq.(1) is adjusted so that a mesh point is
always. located in the infinity point,

The mapping of thick trailing édges

When simulating viscous effects one way is to add
the boundary layer displacement thickness to the
original contour, thereby getting equivalent air-
foil shapes with thick trailing edges.

Mainly for this reason the mapping presented

(2) has been extended so that if one or both of the
trailing edges.have a finite thickness a first
mapping step is applied which maps the two contours
to a similar configuration, but with sharp trailing
edges. The transformation is
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29 = 21 + HOIgL In(zq1-z9g1) +

FpB20t2 In(z1-2142) 3)

where zp is the physical complex plane and z, is
the mapped plane. The trailing edge thickness vec-
tors and the locations of the logarithmic singula-
rities are illustrated in Fig. 2. !
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Fig. 2 Notations for the initial mapping step

Because the zg-coordinates are given, the corres-
ponding zq-coordinates are calculated from Eq. (3)
iteratively.

The physical meaning of this technique is that wakes
of constant thickness and without any pressure dif-
ference across-them leave the trailing edges. This
could be considered only as a first approximation

to the real trailing edge wakes which start with
diminishing displacement thickness and which, if
curved, sustain pressure differences across them.

Flow analysis

The mass conservation équation expressed in the cal-
culation plane coordinates is

(Qa,Br), + 8q,B)g = 0 4)
where is the density, qq and g, are the radial

and circumferential velocity components respective-
ly, and B is the mapping modulus defined by

dz |
0
z, is the physical plane and zg = rele is the cal-

culation plane.

Assuming isentropic flow relates density and velo-
city and implies that the potential, ¢ , can be in-
troduced:
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Here a is the local speed of sound and M. the free

stream Mach number. All velocities are made dimen-
sionless by the free stream velocity, and the den-
sity by its free stream value,

At present Eg. (4) is rewritten and solved in non-
conservative form, which normally gives a better
convergence rate and less truncation error than
the conservative formulation. However, when all
the viscous effects can be accurately modelled the
conservative formulation should be used.

The developed form of Eq. (4) used in the present
method is the potential equation, arrived at by
applying Egs. (6) and (7)

0§+ (0,2 + a,7)(aB, + 2 B) = 0 (8)
whereD is the differential operator
;2 2449 a2 az_qz a2
(82’q12)““2“ :‘231‘69 * z2 7 7
dr r- 20
82+q22 =
+ —— 37 9)

The potential @ is unbounded and manyvalued in the
calculation plane because the infinity is represent-
ed by a point and due to the circulation around

each airfoil.

In Ref. 2 is described in detail how a reduced po-
tential, A , is introduced which is bounded and
singlevalued in the whole calculation plane. The
final equation used for computing X can be written

DX +DF +G=0 (10)
where F = ¢ - X is a large analytic ‘expression in
the independent variables and the two circulations.
G is a function of the velocity components and the
mapping modulus.

The Kutta conditions require that the tangential
velocity g, is bounded at the trailing edges. This
implies that Fg + X pis zero at these points be-
cause B is zero there, which constitutes the con-
ditions for the two circulations.

The boundary conditions are described in detail be-~
low.

Eq. {10) is solved by line relaxation, updating
lines of constant & . The annular calculation re-
gion is swept back and forth in circumferential
direction using a rotated difference operator in
supersonic regions to get a locally correct up-
wind differencing.

The streamline pattern in the calculation plane is
illustrated for a typical case in Fig. 3.
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Fig. 3 Streamline pattern in the computational
plane

Boundary conditions for analysis and design

When running the program in mixed analysis-design
mode the boundary conditions for the potential
equation (10) are Neumann conditions for part of
the boundaries and Dirichlet conditions for the
rest. The Neumann conditions which prescribe zero
normal velocity are

Fo+AX, =0 1)
along the corresponding boundary. Numerically this
condition is applied by calculating X in dummy mesh
points inside the boundary from

Xi b = Fp

1

TaT Xi,bel "
where i indicates the mesh point in tangential di-
rection and b is the boundary index.

Along a boundary part where design mode is applied
the potential values along the boundary are calcu-
lated from a prescribed pressure distribution. The
potential is obtained using Eqg. (7b) which can be
written

Lo = a,Br - Fp (12)
During the relaxation process the boundary value of
g, used in Eq. (12) is determined from the prescrib-
e% pressure coefficient Cy and the normal velocity
g1 which is known for the previous relaxation level.
Alternatively g, could be related directly to C
assuming q1=O, gecause after a few loops includgng
new mappings the contour has almost zero -

When calculating g, along the boundary in analysis
mode central differences are used for‘ZQ . If in
design mode a new potential value in the point i, b
is calculated in the analogous way from Eq. (12)
one obtains

A =xi_2,b + 200 (g,Br - Fp diqp U3

i,b



However, this technique uncouples the odd and even
point potentials, noted also by Tranen 8). To avoid
the resylting convergence problems the following
formula was used to calculate new potential values

- 89
i =Zigp+ =3 [(qzar)i,b * QB 4 p

- (Fg )y, - (Fo )1-1,b] (14)
For simplicity all the formulas are written with-
out the coordinate stretching included.

The boundary point potentials were updated only
when the sweep direction coincided with the local
flow direction. Some underrelaxation was used in
the updating process for . p» that is, a’'new
value for updating level n+}’Ras obtained using

n+1
i,b

~N+1 7Ln
+&)(x.1’b -

n
=2 ib

28 i,b

(15)

~ N+l
where Zii b is the potential obtained from Eq.
(14). !

The potential values in the dummy points inside
the boundary were obtained after the corresponding
lines had been updated. They were calculated by
applying the potential equation to the boundary
peints, .

After the relaxation process had converged a new
contour was integrated based on the calculated
normal and tangential velocity distribution along
the boundary. If the inverse mode part of the
boundary ended before a trailing edge the contour
integration was yet continued to the trailing edge.

When integrating a new boundary the components in
the physical x- and y-direction (u,v) of the bound-
ary velocity vector.were first determined. To get
high accuracy it is essential that only the change
in the contour is determined by the integration
process. Thus the slope changes were integrated us-

ing the relation
v n+1 v
[(a‘) - (a‘) ]dx

where x_ is the startin? point of the inverse bound-
ary conditions. (v/u)™! is the new velocity quoti-
ent and (v/u)” is the previous one, that is the
slope dy/dx of the present contour.

n+1

&y = (16)

X
0

The integration from one point to the next was per-
formed using local polynomial fitting through inte-
grand points.,

Because the calculations to get a new contour are
based on the metric for the previous contour an in-
verse mode run (i.e. a mixed analysis-design mode
run) should be followed by a new mapping and an
analysis mode run. For cases where the prescribed
pressure distributions differ moderately from those
obtained in the original analysis calculation, the
design process has often converged sufficiently
after 1 or 2 new contour integrations. For cases
with large prescribed changes in the pressure dist-

ribution more loops might be required, sometimes
because the first new shapes might be physically
unrealistic and the prescribed pressure has to be
changed.

Acceleration of the iterative process

At the infinity point the operator D in Eq. (9)
applied to X normally is singular. This is the main
reason for a rather slow convergence rate for the
line relaxation process. In Ref. 2 a way of improv-
ing the convergence rate was discussed which in-
volved the exclusion of a small region around the
infinity point after an initial iteration phase.

Since then a more efficient technique has been ap-
plied to speed up the convergence rate. It can be
denoted extrapolated relaxation, and has been used
by Hafez and Cheng 9), Caughey and Jameson and
others, The basic idea is that after a number of
relaxation sweeps the error vector is domingted by
the eigenvector belonging to its largest eigenvalue.
This will be the case if the relaxation matrix has
distinct eigenvalues which can be ordered,

1>|A1 >‘/12| >2N‘

So, after n+1 iterations, that is when an error
eigenvector e. contributes to the total error vect-
or with a terth of the order A 1. e, the approxi-
mate relation J J

e(n+1 )N)»Ie(n) (17)
holds for the error vector defined by
oM - 2m _ x (18)

where X is the exact solution of the difference
equations. Combining Eqgs. (17) and (18) yields an
estimate for 2,

(n+1) A1

(n+1)
A~ M X, c (19)
where'C(n+1) is the last potential correction

C(n+1) - 1(n+1) _}z’(n) (20)

Because A , normally is close ta 1, the extrapola-

tion step in Eq. (19) is the same as a large over-

correction of the potential. In practice the factor
A,/(1-A,) is usually multiplied by a slightly re-
ducing factor, say 0.8.

The relation (17) alsa implies the same relations
for residuals and corrections,

(1)~ (n)
R 11 R 21

where R is obtained from h§ difference form of
Eq. (10), i.e. RN = p(n) 2Nl p(Me(n) g(n) yhere
D?n) is the difference operator corresponding to D.

In order to determine when the accelerations can be
made during the iterative process the residual quo-
tients R(M+1)/R(N) yhere camputed for a certain
number of the mesh points after each iteration. When
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the values of this quotient in the studied points
were sufficiently close together according to some
statistical measure the extrapolation was made.

Applying the acceleration technique yields a con-

siderable improvement of the overall convergence
rate, as illustrated in Fig. 4.

ITERATION NO

100 200

1071
SUCCESIVE LINE

102 OVERRELAXATION
-— / (SLOR)
MAX 107 T~
RESIDUAL
104

163 SLOR WITH
ACCELERATION

10

Fig. 4 Time history for iterative processes

Viscus corrections

A comparison between results of the present invis-
cid method and experiments shows in many cases
strong viscous effects. A first attempt to add la-
minar and turbulent b?undary layers has been made
by Grossman and Volpe 3) indicating that aside re-
gular boundary layer effects the influence of lam-
inar separation bubbles as well as turbulent sepa-~
ration is dominant.

Therefore in the present program system the viscous
effects were taken into account using procedures
known to work for high lift devices in low speed
using simplified models for laminar separation bubb-
les and confluent boundary layers. Due to its avai-
lability it was decided to use as a, first attempt
the viscous models of Goradia et al which use
integral methods for the boundary layer calculations.
Considering the general uncertainties in the model-
ling of separated regions, confluent boundarylayers,
shock-wave boundary layer interactions etc, it does
not seem to pay off to use rather costly finite
difference procedures for the boundary layer calcu-
lations.

The boundary layer methods and viscous models used
are (for a detailed description see Ref. 11)

- Laminar boundary layer integral method based on
the similar solutions of Cohen and Reshotko.
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- Transition correlated by Goradia to the Schlich-
ting-Ulrich instability criterion.

- Laminar separation bubbles and laminar stall
due to Goradia's semiempirical correlations
based on the following cycle:

stable or unstable? - if unstable test on
transition - if no transition apply the
Goradia-Lyman criterion for laminar stall
prediction.

The result will be either a short or long lam-
inar separation bubble with turbulent reattach-
ment or bubble burst with stall. In case of
stall the calculation will stop.

~ Turbulent boundary layer integral method based
on Nash using modified Coles profiles. At pres-
ent there is no model included for turbulent
separation in compressible flow.

-~ Confluent boundary layers using Gaoradias model.

To compute the total flow field around a two-ele-
ment airfoil system the viscous models and the
present inviscid method are coupled to a program
system which runs iteratively the inviscid and
viscous part until a converged solution is obtained.
The inviscid part provides the velocity distribu-
tion along the surfaces which is used by the vis-
cous part to compute the displacement thickness.
This is added to the geometric airfoil shapes to
get the equivalent viscous shapes, which are used
in a new inviscid calculation etc. To guarantee
the stability of this procedure some underrelaxa-
tion is applied when calculating the displacement
thickness using the relation

n+1 2 n+1 n
§° w0, 8 L amepd”

- *FH-'] .
where is the result of the latest boundary
layer calculation.

The present approach is used instead of the more
elegant equivalent source model in Ref. 3 because
of the rather large displacement effects which are
obtained in separated regions. It is felt that re-
gions of this type are more easily treated in terms
of equivalent shapes than normal velocity distribu-
tions along the wall. :

3. Results and discussion

Design calculations

A series of calculations was made for a NACA 64A010
with slat, taken from Ref, 12. Fig. 5 shows the
pressure distribution around the original slat and
the inverse mode results when a rather large pres-
sure modification on the slat lower surface was
introduced. The prescribed pressure was drawn just
by free hand and thus was not expected to give a
closed airfoil. The resulting shape was found to
have a finite trailing edge thickness as seen from
Fig. 6. The pressure was considered sufficiently
converged after 3 inverse loops. The convergence
rate of the relaxation process in a mixed analysis-
design mode run was found to be the same as in pure
analysis runs except when the difference between
prescribed pressure and analysis pressure is very
large, as in the first inverse run in the present



case.

To study the effect of a pressure change on the
slat upper surface the modification shown in Fig. 7
was made and one inverse loop was performed. The
resulting pressure is seen to come rather close to
the prescribed pressure. This case should be con-
sidered only as a numerical example, because in a
real flow large viscous effects would occur close
to the trailing edge.

To see the effect of removing the slat trailing
edge thickness, the size of which is not realistic
in a real design, the final shape in Fig. 6 was
modified by changing the lower surface linearly as
indicated in Fig. 8. This is seen to have a signi-
ficant effect on the lower surface pressure, partly
explainable in terms of a smaller "lower surface
angle of attack".

It was noticed that in the cases mentioned here
the main airfoil pressure distribution was very
unsensitive to changes in the slat shape as shown
by the example in Fig., 9 for the first lower sur-
face modification (Figs. 5, 6).

The configuration in Fig. 10 is a 12 % thick super-
critical airfoil denoted D0-A4 with slat, designed
at Dornier. The original slat with a "free hand"
modification of the lower surface as shown in the
figure was used first to get a pressure distribu-
tion not too far off the experimental data which
indicate a large separated region on the lower sur-
face. The goal was to find the displacement thick-
ness of that region by using the measured pressure
distribution in inverse calculations. No attempt
was made to modify the main airfoil shape although
the viscous effects on that are large. Therefore

a lower angle of attack was used for the whole con-
figuration which gave good agreement with the mea-
sured pressure distribution on the slat upper sur-
face as seen in Fig. 10. The lower surface pres-
sure distribution used in the mixed analysis-design
calculations is seen in Fig., 11 together with the
resulting pressure and shape after 4 inverse loops.
The last inverse loop was performed on a refined
grid containing 64X44 points.

The pressure is considered sufficiently converged
towards the prescribed pressure and the resulting
lower surface contour is seen to represent a very
large separated region.

Results with viscous corrections

The viscous results for a low speed case shown in
Fig. 12 prove the iterative procedure to work cor-
rectly. Fig. 13 presents viscous results for basi-
cally the same airfoil-slat configuration as was
used for the inverse calculations shown in Fig. 11.
The differences consist in a slightly modified nose
region of the main airfoil and that the viscous
calculations of course were based on the true phys-
ical shapes. Furthermore the viscous calculations
were performed for the angle of attack used in the
measurements while a smaller angle of attack was
used in the inverse calculations.

While the viscous calculations show quite an improv-
ed agreement with the experimental data for the

main airfoil the results for the slat still are quite
off due to the large separated region on its lower
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surface. In Fig. 14 is shown the marked difference
between the displacement surface calculated with
the viscous program part and that obtained in the
inverse mode calculations. The viscous calculation
technique used here has no model for large separat-
ed regions, so the displacement thickness obtained
after the program indicated laminar separation of
long bubble type is not physically realistic. The
shape calculated in inverse mode runs, on the other
hand, should be regarded as somewhat uncertain be-
cause there were rather few experimental pressure
points (Fig. 11) and the assumption of constant
pressure along lines of constant x in the separated
region might not be a good approximation in a re-=.
gion of this size.

Parametric study of leading edge slat configura-

tions

While there exists a rather broad knowledge on the
design philosophy for good subsonic high 1lift de-
vices, only little is known on the proper design
of slats for transonic speed. In order to get some
insight in the dependence of the pressure distri-
bution on Mach number and simple geometric varia-
tions of the configurations a series of calcula-
tions were performed using a mesh containing 30%22
points.

As a start another D0O-A4 slat configuration was
studied, shown in Fig. 15 together with pressure
distributions for a series of Mach numbers. While
the load on the slat is increasing with increasing
Mach number the load on the nose part of the main
airfoil is seen to decrease.

For a completely different configuration, a NACA
64A (1.33)05 with slat, Fig. 16 presents the Mach
number dependence. It is noted that the flow in
the slot exhibits the same Mach number dependence
as for the previous configuration.

As a parenthesis it might be concluded from the
very different slat pressure distributions that on

‘the NACA slat lower surface the risk for a large

separated region is much smaller than for the DO-
A4 slat. This is because the suction peak on the
NACA slat lower surface is located further away
from the nose and is followed by a rapid accelera-
tion to higher trailing edge velocity than on the
DO-A4 slat.

In Figs. 17-20 the effects are shown of a change in
angle of attack, of horizontal and vertical shifts
of the slat and of different slat angles.

The increase in load on both slat and main airfoil
with increase of angle of attack is natural, Fig.

17, but it is interesting to notice that the flow

in the slot is almost independent of the angle of
attack.

Figs. 18-20 show that the most important slat posi-
tion parameter is its angle, It can also be con-
cluded that in order to have a relatively high
velocity at the slat trailing edge the slot should
be only slightly converging in the flow direction.
To decrease the tendency towards large separated
regions on the slat lower surface, the high trail-
ing edge velocity should be combined with a small
nose suction peak. This requires a rather subtle
combination of the position parameters, and from
the figures it is seen that position 2 in Fig. 18



seems to be the best in this respect. Position 5
in Fig. 20 has an even smaller suction peak but

here the slat is too much loaded and the main air-

foil nose is completely unloaded.‘

The odd pressure curves close to the slat trailing
edge in a few cases are due to high sensitivity to

a slightly inadequate geometric input.

4. Conecluding remarks

Designing a high 1ift system for transonic flow
means compromising between structural and aero-
dynamic demands. In that work the present mixed
analysis-design mode program is a very effective
tool. It requires usually less than 5 loops (new

mappings) until sufficient convergence is reached,

and the relaxation procedure within each loop is
normally as fast as in pure analysis mode.

An essential goal for the designer is to get high
1ift at low cost, that is to avoid strong shock

waves and to keep the viscous effects around the,
two elements as small as possible. As seen in the
present paper a region requiring much attention

from the boundary layer point of view is the slat
lower surface which due to geometric requirements

often is given a shape producing separated regions.

The viscous calculation capability used in the

present method does not model separated regions
adequately, but it will be improved in the near
future and is then expected to predict laminar

geparation regions in a more realistic way. The
plans are to include

- the laminar boundary layer integral method of
Stock(13)

- the transition criterion of Michel(14)

- criteria of l?m%?ar separation bubbles and stall

due to Horton

- Horton's correlations for boundary layer quanti-

ties of laminar separation bubbles

- the turbulent boundary layer integral method of

Stock(13), using Coles profiles,
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